Bethe ansatz solutions of the two-axis countertwisting Hamiltonian for any (integer and halfinteger) J are derived based on the Jordan-Schwinger (differential) boson realization of the SU (2) algebra after desired Euler rotations, where J is the total angular momentum quantum number of the system. It is shown that solutions to the Bethe ansatz equations can be obtained as zeros of the extended Heine-Stieltjes polynomials. Two sets of solutions, with solution number being J + 1 and J respectively when J is an integer and J + 1/2 each when J is a half-integer, are obtained. Properties of the zeros of the related extended Heine-Stieltjes polynomials for half-integer J cases are discussed. It is clearly shown that double degenerate level energies for half-integer J are symmetric with respect to the E = 0 axis. It is also shown that the excitation energies of the 'yrast' and other 'yrare' bands can all be asymptotically given by quadratic functions of J, especially when J is large.
However, as already noted in [26] , the boson mapping procedure there only works for the integer J case. This can also be seen from the material presented between Eq. (1) and Eq. (7) below, which gives a brief review of the boson mapping in [26] . In this work, we overcome the shortcomings in the procedure of [26] by performing a different boson mapping combined with desired Euler rotations and show that the two-axis countertwisting Hamiltonian can also be exactly solved for half-integers J. One of the keys is introducing two additional parameters in the boson realization so that the Bethe ansatz can be applied without any constraint on the J values. Thus our procedure here works for both integer and half-integer J cases of the two-axis countertwisting model. It will be shown that the SU (1, 1) algebraic structure after the suitable transformations is also crucial in the process. Since solutions for the integer J case have already been shown in [26] , we will mainly focus on solutions for half-integer J cases in this work. Properties of zeros of the related extended Heine-Stieltjes polynomials for half-integer J will be discussed. It will be shown that double degenerate level energies for half-integer J cases are symmetric with respect to the E = 0 axis. It is also shown that the excitation energies of the 'yrast' and other 'yrare' bands of the system defined can all be asymptotically given by quadratic functions of J, especially when J is large.
II. THE TWO-AXIS COUNTERTWISTING HAMILTONIAN
The two-axis countertwisting Hamiltonian may be written as [1] H TA = χ(J x J y + J y J x ),
where J x and J y , together with J z , are the total angular momentum operators of the system and χ is a constant. The Hamiltoanian (1) is invariant under both parity and time reversal transformations, namely, it is P T -symmetric. Due to time-reversal symmetry, level energies of the system are all doubly degenerate when the quantum number J of the total angular momentum is a half-integer or when J → ∞ for integer J case [26] . As clearly shown in (1), the Hamiltonian only contains quadratic terms of J x and J y , for which the Bethe ansatz method [16] [17] [18] for solving the Gaudin-Richardson model can not be applied directly.
In our recent paper [26] , it has been shown that the Hamiltonian (1) can be expressed in terms of the Bargmann variables as H TA = χ i (1 + 2δν B 1 )z 1 ∂ ∂z 2 − (1 + 2δν A1 )z 2 ∂ ∂z 1 + 2z 1 z 2 ( ∂ are two canonical orthonormal boson modes. Though (5) is still non-Hermitian, its eigenvalues are all real, mainly because of its equivalence to the original Hamiltonian (1) for this case. Since ν A = ν B ≡ ν = 0 or 1, the total angular momentum of the system should be integer in this case with J = 0, 1, 2, · · · . In other words, the Hamiltonian (5) is equivalent to the original one (1) only for integer J values. As shown in [26] , Hamiltonian (5), when expressed in terms of SU (1, 1) generators, contains a one-body term and can thus be solved exactly by using the Bethe ansatz method for the four different configurations separately.
Since the above boson mapping procedure can not be applied to the half-integer J case, we need to find an alternative way to solve the problem. Actually, after rotation around z axis by −π/4 with
(1) can be expressed as
which is equivalent to a special LMG model whose large J limit was analyzed in [19, 20] by using the Dyson boson (differential) realization and the corresponding Riccati differential equations.
Then, after further rotation of the system around x ′ axis by −π/2 with
(8) becomes
where
is the Casimir operator of the SU (2) generated by J ±,0 . Therefore, up to the Euler rotations, the Hamiltonian (1) is equivalent to (10).
Similar to [26] , by using the Jordan-Schwinger realization of SU (2)
where a, b and a † , b † are boson annihilation and creation operators, (10) can be expressed as
Here n a = a † a and n b = b † b are number operators of a-bosons and b-bosons, respectively. Introducing two nonzero parameters c 1 and c 2 , we have the following identities:
Then (12) can be expressed as
which is independent of c 1 , c 2 , and λ, and can be simplified to the desired form
are satisfied. There are two sets of solutions to (16) 
, of which any set may be used for our purpose. In the following, we choose
Then, (15) can be written as
where use has been made of n a + n b = 2J and C 2 = J(J + 1) for a given quantum number of the total angular momentum J; moreover
and
are respectively SU a (1, 1) and SU b (1, 1) generators which satisfy the commutation relations
It is obvious that the one-body term S 0 appears in (18) after the transformation (13) with the constraints (16). Such one-body term is essential in the Bethe ansatz approach described in [16-18, 21, 25, 26] . The main difference between the boson realizations (18) and (5) lies in the fact that the former introduces two additional parameters c 1 and c 2 with the constraint (17) , with which the the Bethe ansatz approach described in [16-18, 21, 25, 26] can now be applied for both the integer and half-integer J cases.
Similar to what is shown in [26] , (18) can now be diagonalized via the Bethe ansatz
with J = k + 
Using the commutation relations (21) , it can be proven that
With the help of (24)- (26), we can directly check that
Now by means of (26)- (28), we can prove that the eigen-equation
The corresponding eigen-energy is given by
with
, where k is the number of boson pairs, while ν a + ν b are the total number of unpaired bosons. It can be inferred from (30) that the spectrum of the Hamiltonian (18) is generated from the non-linear boson-pair excitations based on the single-boson excitations, while the single-boson excitation energies contribute to the total energy linearly. Moreover, it is obvious that Eq. (29) and the eigenvalues (30) are invariant under the simultaneous interchanges ν a ↔ ν b and c 1 ↔ c 2 . Actually, the eigenvalues of (14) for {ν a = 1, ν b = 0} should be the same as those for {ν a = 0, ν b = 1} since the Hamiltonian (14) and the constraints (16) are all invariant under the permutation of c 1 and c 2 , which clearly shows that each level energy is doubly degenerate when J is a half-integer. Hence, we only need to solve one of the cases for half-integer J. The results of the other case can be obtained by permuting the a-bosons with the b-bosons. In addition, as shown previously [27] [28] [29] , though the eigenstates provided in (22) are not normalized, they are always orthogonal with
where N (k, ζ; ν a , ν b ) is the corresponding normalization constant.
According to the Heine-Stieltjes correspondence [27] [28] [29] , roots of (29) are zeros of the extended Heine-Stieltjes polynomials y k (w) of degree k satisfying the following second-order Fuchsian equation:
and V (w) is a Van Vleck polynomial of degree 1 determined according to (32) . Therefore, the Heine-Stieltjes polynomial approach for solving the Gaudin-Richardson type equations as shown in [27] [28] [29] is applicable for solving the Bethe ansatz equations (29) . It should be noted that a similar approach for solving the Gaudin-Richardson type equations has been proposed in Ref. [31, 32] , which however requires the solutions of a set of higher-order differential equations. Further discussions about the similarities and the differences of the Heine-Stieltjes polynomial approach and the method shown in [31, 32] may be found in [29, 30] . Since ν a + k ]|} with ζ = 1, 2, · · · , k + 1, correspond to global minimums of the total electrostatic energy of the system [27] , though the imaginary parts of these zeros can not be determined beforehand. The total number of these configurations is exactly the number of ways to put the 
where c 2 = 1 has been used,
are symmetric functions in {w
k }, which are related to the expansion coefficients of y k (w) when it is expanded in terms of powers of w [27] [28] [29] . Thus, when J = k, we have
When J = k + 1/2, we have
It is clear that there are two set of solutions for the half-integer case, instead of four sets for the integer J case as shown in [26] . To solve (29) more easily, as shown in [27] [28] [29] [30] for the extended Heine-Stieltjes polynomials, we may simply write
where {b (ζ) j } (j = 0, 1, · · · , k) are the ζ-th set of the expansion coefficients to be determined. Substitution of (39) into (32) yields the equation which determine the corresponding Van Vleck polynomial as
The expansion coefficients b
0 satisfy the following three-term recurrence relation:
where b 
where the transpose of b (ζ) is related to the expansion coefficients {b
and F is the (k + 1) × (k + 1) tridiagonal matrix with entries determined by (41).
In addition, (39) can also be written in terms of the zeros {w
is the symmetric function defined in (36). Comparing (43) with (39), we get
if the overall factor of {b (ζ) j } is chosen to be b (ζ) k = 1 ∀ ζ, which can be used for the eigenstates (37) and (38) to avoid unnecessary computation of S
III. SOME NUMERICAL EXAMPLES OF THE SOLUTION
To demonstrate the method and solutions outlined above, in this section, we provide some examples of the solutions of (1) /χ of the Hamiltonian (1) for J ≤ 5, where the order of ζ is arranged according to the value of the eigen-energy of (1) for a given set of {k, νa, ν b }. Table I , but for J = 21/2. The Heine-Stieltjes polynomials y (ζ) k (w) and the corresponding coefficient g
in the Van Vleck polynomials (40) up to J = 9/2 are shown in Table I , while the J = 21/2 case is provided in Table II . For any case, it can be verified that the absolute value of the real part of any zero of y When a zero is complex, there must be its complex conjugation as another zero, which is clearly demonstrated in Fig.  1 . Thus, eigenvalues (30) are always real. The two-axis countertwisting Hamiltonian can be easily diagonalized by brute force for small value of total angular momentum J, i.e. when the number of particles of the system is small. We can check that the eigen-energies shown in Tables I and II are exactly the same as those given in Table I of [33] obtained from the direct 2J + 1 dimensional matrix diagonalization for the corresponding half-integer J values.
Furthermore, by using (44), the eigen-energies given in (30) can also be expressed as
with J = k + (ν a + ν b )/2, of which the corresponding numerical values are also provided in the last column of Tables  I and II . It is shown in these Tables that there is an excited state with E k,n1,n2,ν = 0 when k is zero or even for J = k + As demonstrated in Fig. 2 for level energies of the system up to J = 21/2, the level energy distribution for pairs of the double-degenerate levels is symmetric with respect to E = 0 axis. There are Int[k/2] + 1 doubly degenerate levels for odd k or k/2 doubly degenerate levels for even k with energies E r < 0 and the same number of pairs of doubly degenerate levels with energies E r > 0 for r = 1, 2, · · · , Int[k/2] + 1 when k is odd (k/2 when k is even), which is consistent with the conclusion in [26] for integer J cases.
More interestingly, similar to the term used in analyzing energy spectrum of a nucleus [34] , we may define the yrast and other yrare bands of the two-axis countertwisting Hamiltonian. The yrast band consists of the double-degenerate minimum (ground state) energies of the system for all possible half-integer J, and the next yrare band consists of the first excitation energies for all possible half-integer J, and so on. For given k with ν a = 0 and ν b = 1 for example, according to (45), these yrast and yrare bands are given by 0 are also J-dependent with J = k + 1/2. This provides the level energies of the yrast band with ζ = 1 corresponding to band A in Fig. 2 , those in the next yrare band with ζ = 2 corresponding to band B in Fig. 2 , and so on. Since the spectrum is symmetric with respect to the E = 0 axis, only level energies with E (ζ) (J) < 0 with ζ = 1, 2, · · · , need to be analyzed. Though Ω(ζ, J) varies with J and ζ non-linearly, numerical analysis shows that it is almost a constant for a given ζ. As clearly shown in Fig. 2 , E (ζ) (J)/χ for a given ζ uniformly follows a smooth curve described as a quadratic function of J. For example, the level energies in the yrast band shown by curve A in Fig. 2 may be asymptotically given by for J = 5/2, 7/2, · · · , which are more accurate when J is large.
IV. SUMMARY
In this work, Bethe ansatz solutions of the two-axis countertwisting Hamiltonian for any (integer as well as halfinteger) J are derived based on the Jordan-Schwinger (differential) boson realization of the SU (2) algebra after the desired Euler rotations. It is shown that the solutions to the Bethe ansatz equations can be obtained more easily as zeros of the extended Heine-Stieltjes polynomials. It is verified that the zeros of the extended Heine-Stieltjes polynomials may be complex. Though we can not determine the imaginary parts of the zeros beforehand, the absolute values of the real parts of these complex zeros are all within the two open intervals (0, 1) and (1, c −2 1 ). Since each level is doubly degenerate for half-integer J due to time reversal symmetry, we only need to solve one of the cases. The results of the other case can be obtained by permuting the a-bosons with the b-bosons, which is efficiently helpful in determining all excited states of the system. However, unlike the procedure in [26] for integer J case, in which the 2J + 1 solutions split into four sets of independent solutions, the procedure presented here gives rise to two sets of solutions with solution number being J + 1 and J respectively when J is an integer and being J + 1/2 each when J is a half-integer. It is clearly shown that double degenerate level energies for half-integer J case are symmetric with respect to the E = 0 axis. It is also shown that the excitation energies of the 'yrast' and other 'yrare' bands defined can all be asymptotically given by quadratic functions of J, especially when J is large. Our procedure may be used in calculating physical quantities of the system in order to produce maximal squeezed spin states of many-particle systems, especially when the number of particles is large.
